REMARKS ON THE PAPER "SKEW PIERI RULES FOR 
HALL LITTLEWOOD FUNCTIONS" BY KONVALINKA AND 

LAUVE 



S. OLE WARNAAR 

Abstract. In a recent paper Konvalinka and Lauve proved several skew Pieri 
rules for Hall-Littlewood polynomials. In this note we show that g-analogues 
of these rules are encoded in a g-binomial theorem for Macdonald polynomials 
due to Lascoux and the author. 



1. The Konvalinka-Lauve formulas and their q- analogues 

We refer the reader to [2] for definitions concerning Hall-Littlewood and Mac- 
donald polynomials. 

Let Px/n — P\/ fl (X;t) and Qx/^ = Q\/[i(X;t) be the skew Hall-Littlewood 
polynomials, e r — -Pnn the rth elementary symmetric function, h r the rth complete 
symmetric function and q r = Qm. Then the ordinary Pieri formulas for Hall- 
Littlewood polynomials are given by [H] 

(1.1a) P M e r = ^vs A//J (t)P A 

A 

(Lib) i%?r = X) hfl VM(*) J ^' 

A 

where the sums on the right are over partitions A such that |A| = |ju| + r. The Pieri 
coefficient vs\/fj,(t) is given by [Mj p. 215, (3.2)] 

(i-2) vs Vlt (t) = n 

i>l 

so that vsw^i) is zero unless fi C A with A — fi a vertical r-strip. Similarly, hsw^i) 
vanishes unless /i C A with A-/i a horizontal r-strip, in which case Q31 p. 218, 
(3.10)] 

(1.3) hB A/M (t)= J] (1-^-a; +1 ). 

To express the skew Pieri formulas, Konvalinka and Lauve [5] (see also [7]) 
introduced a third Pieri coefficient 

(1.4) sk x//1 (t):=t n < A //0J] 

»>i 

where n(X/fi) := J2i>i ( A *2^)- Note that sk A/Ai(*) = if fi % A. 
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It seems Konvalinka and Lauve have been unaware that the above function 
has appeared in the literature before. Indeed, the right-hand side is exactly [19j 
Equation (4.3)], which is a formula for the modified Hall-Littlewood polynomial 
*3a/^(1) = ( 9a/^(1j t> t 2 , ■ ■ ■ ) — a result which first appeared in [TTJ Theorem 3.1], 
albeit in the not-so-easily-recognisable form 



Qa/ m (1) = < 



otherwise, 



and in the two papers [T71 p. 173, Remark 2] and jTSJ Proposition 3.2] in a more 
general form pertaining to Macdonald polynomials, see (|1.7p below. Prior to these 
four papers the expression for skw^(t) appeared in the theory of abelian p-groups: 

sk A//1 (t) = t»W-»Wa A ( M ;t- 1 ), 

where a A (/i;p) is the number of subgroups of type fi in a finite abelian p-group of 

type a, riauaa. 

Theorem 1.1 (Konvalinka-Lauve [5J Theorems 2-4]). For partitions v C /i, 
(1.5a) P^e, = ^(-l) 1 ^ 1 vs A/M (t) sk^ (i)P A/j) 

A,,, 

(1.5b) P M/ > r = ^(-l) 1 ^ 1 sk A//t (t) vs, y/i; (i)P A/l) 

A,,, 

(1.5c) P„ /v q r = (-l)!^!^""! hs A/ „(i) vs„ /w (t) sk w/i; (i)P A/ , ; , 

A, 77, a; 

where each of the multiple sums is subject to the restriction |A| + = \fi\ + \v\ + r. 

For ^ = the first and third skew Pieri formulas reduce to (|l.la[) and (jl.lbl) 
respectively, whereas the second formula simplifies to [8 , Theorem 1] 

PfiK = ^sk A/M (t)P A/j) . 
X 

Theorem 11.11 for t = gives the skew Pieri rules for Schur functions due to Assaf 
and McNamara 1 who, more generally, conjectured a skew Littlewood-Richardson 
rule. The identities (|1.5a[) and (| 1 . 5b[) were first conjectured by Konvalinka in [7j. 
The subsequent proof of the theorem by Konvalinka and Lauve combines Hopf 
algebraic techniques in the spirit of the proof of the Assaf-McNamara conjecture [9] 
with intricate manipulations involving i-binomial coefficients. 

The aim of this note is to point out that all of the skew Pieri formulas (|1.5a|) — 
(|1.5cp are implied by a generalised g-binomial theorem for Macdonald polynomials 
and, consequently, have simple g-analogues. 

From here on let P A / M = P A / M (X;g, t) and Qx/n = Qx/)i{X; q, t) denote skew 
Macdonald polynomials. Let / be an arbitrary symmetric function. Adopting 
plethystic or A-ring notation, see e.g., [5|ll0j. we define f({a — b)/(l — <)) in terms 
of the power sums with positive index r as 
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In other words, p r ({a — b)/(l — £)) = a r £b/a,t(Pr) with e Ujr Macdonald's evaluation 
homomorphism [14| p. 338, (6.16)]. Equivalently, in terms of complete symmetric 
functions, 



a - b\ _ {bz;t) c 



t/ (a^;i)oo 

We now define the following five Pieri coefficients for Macdonald polynomials: 



(1.6a) 


vs x/lJl (q,t) 




= (-l) |A - 


(1.6b) 


hsA/ P (g;t) 


■= tpx/nfat) 


= Qa/„(1) 


(1.6c) 


sk A/jlt (g,t) 


— Qa/ m ( 1 _ 


t) 


(1.6d) 


sk A/M (g,t) 


:= Qa/ m ( j 


^) 


(1.6e) 


ks A / M (g,t) 


:=0a/„(-1) 





where V'a/^^'*) anc ^ Vx/^iq^) is notation used by Macdonald, and where the — 1 
in Qx/fi(~ 1) is a plethystic —1, i.e., applied to the power sum p r of positive index 
r it gives the number — 1. The Pieri coefficients v5\/n(q, t) and hs A /^(q>, t) have 
nice factorised forms generalising (|1.2p and (| 1 . 3[) . see [TSJ pp. 336-342]. So does 
sk A/ >(?,*) [13 P- 173, Remark 2], [18, Proposition 3.2]: 

{^(A)-nW TT (g <J ' 1 ;g)A,- w (g< J ';g) M i-w fo c A 
otherwise, 

where (a; q)k ■— (a; <z)oo/ (ag fe ; g)oo for all fc g Z. We leave it to the reader to verify 
that the above right-hand side for q = reduces to the right-hand side of (|1.4p . 
The remaining two Pieri coefficients do not factor into binomials. For example 

1 - g - g 2 + t + qt - q 2 t 
sk (2 ,i)/(i,o)(9,i) = 

(l-t)(l + g-t + g t-f 2 -gt 2 ) 

kS(2,l)/ (1 ,0)fei) = (l-^l-^) • 

Of course, skA/ /J (0,i) = sk A / M (t) so it does factorise in the classical limit. This is 
however not the case for ks A /^(0, t), and 

ks (2 ,i)/(i,o)(0,0 = (l-t){l-t-t 2 ). 



Let g r — g r (X;q,t) — Qr r \{X;q,t), so that g r (X;0,t) = q r (X;t). Then the 
following q- analogue of Theorem 11.11 holds . 
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Theorem 1.2. For partitions v C /i, 



(1.8a) 




=£(- 








(1.8b) 




= E(- 








(1.8c) 










A.r, 


(1.8d) 




= £(- 






A, 77, a; 



A/r, 



■ ? " hs A / /J (<7, t) vs v / u (q, t) sk w/t? (q, i)P A /r,, 
where each of the multiple sums is subject to the restriction |A| + I77I = |//| + \v\ + r. 

2. The (/-binomial theorem for Macdonald polynomials 

In [13j Equation (2.11)] Lascoux and the author proved the following (/-binomial 
theorem for Macdonald polynomials: 

<-) e<Mt^K<*> - ( n jgfe) Evg)w4 

For fj, = v = and (a, 6) H> (l,a) this is the well-known Kaneko-Macdonald q- 
binomial theorem [BlfTS] 

(2.2) E^^^w^nfe^. 

where we have used that [14j p. 338, (6.17)] 

1 - a \ _ t n(\) ( a )A 



'A 

Here (a) A = (a;q,t)\ :— JJ i> i{at 1 ^ l ;q)x i and c' A = c' x (q,t) is the generalised hook 

polynomial c' x = JlseA (l ~ q a ( s ) +1 i'W) with a(s) and l(s) the arm-length and 
leg-length of the square s e A. 

To show that (12.11) encodes the skew Pieri formulas (|1.8al) - (|1.8d[) we first consider 
the (x = case 

'a-b\ . yj q)oo 



(2.3) j2^{r~i) Px{x) = Pv{x) n 



xEX 



(ax;q) c 



If we multiply this by Qu/^ib — a)/(l — t)) and sum over v using (|2.3j) with 
(A, f , a, 6) H> (2/, /i, fe, a) we obtain 

E <M Y^) ^ (^f) A W = P M (X). 



This implies the orthogonality relation (implicit in |16) and given in its more general 
nonsymmetric form in |121 Equation (6.5)]) 



„ 4) 



S 



A// ■ 
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Thanks to (12. 4|) . identity (|2.1[) is equivalent to 

EMrlK^M - ^> n gfc- 

X.r/ x£X 

There are now three special cases to consider. First, if b = aq then 

P^(X) n(l-^) = E alA " Ml+|W ""'^(Y^)^/n(^)^(^)- 
xex a, i) 

Equating coefficients of (— a) r and using definition (|1.6p yields (|1.8ap . Next, if 
a = bq 

iex a, 77 

Equating coefficients of 6 r and again using (|1.6|) yields (|1.8bp . Finally, if a = bt 

w x ) n f^^f =^bi^i+i—^Q A/M (i)Q^(-i) J p A/T7 (j^), 

x^X ' A, 77 

Equating coefficients of 6 r and using (|1.6p gives (|1.8cp . To show that (|1.8c|) and 
(| 1 .8d[) are equivalent, we recall Rains' g-Pfaff-Saalschutz summation for Macdonald 
polynomials |T6l Corollary 4.9]: 

which for c = a is (|2.4|) . Setting b = a/q and c = a/t and using (|1.6|) yields 

Taking the a — > 00 limit this further simplifies to 

ksA/„(<7, *) = EC-l) 1 * - " 1 * 1 " - " 1 vs A/ „( g , f) sk, /Al (g, i), 

which proves the equality between (|1.8cl) and (11 . 8d[) . 

To conclude let us mention that all other identities of [8] admit simple g-analogues. 
For example, if we take (|2.5p and specialise b = a/q and c = at then 

SrM»/ i\|A-nl c f 1- ^ (o)^(a/g)A |a-„|, / ,x 

Letting a — >■ oo this reduces to 

E(-*) |A ~ mI vs A/AI (g, tJQ^ (^j) = hs A/ ,( g , t). 

For g = this is [H Lemma 5] 

^(_ t )|A-/*| vsA/„(i) sk M/ „(t) = hs A/ „(t). 

A" 

Similarly, according to [T2; Equation (6.23)] 
(2-6) E^^/^^Ml^f 
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For a = q = this is [8j Corollary 6] 

E* n( " ) ^(*) = 8k v/x(*)- 

V 

Finally, to obtain a g-analogue of [51 Theorem 7] we have to work a little harder. 
First note that 



P v (X)e m (X) h r {X) = sk^q, t)P^X)e m (X) 
(2.7) = E E vs V/i (g,i)sk M/l ,( g ,t)P A (X). 



M A 

| A — fi\— m 



To compute this in a different way, observe that if we set a = q in (|2.2j) then 

,(£); 

A A iGl r=0 

Using this as well as e m — P(\™) we get 

,n(ri) 



P I/ (X) em (X)^ft r .(X) = ^t"W^P,(X)P r) (X)P (lm) (X). 



By a double use of P^P, — fh v P\ this leads to 

(ff)r 



P,(X)e m (X)^/ lr (X)=^^)^P I/ (X)P ) (X)P (lm) (X) 



A, M " 

^ S k M/(lm) (g,t)/^(g,t)P A (X), 

A . /Y 



(2.8) 



where the final equality follows from the a = q case of (|2.6|) . Equating coefficient 
of P X (X) in (J221) and (£8) yields 

E vs A/^(9>*)sk Al/l ,(g,t) =^sk (U/(1 m ) (g,i)/^ I/ (g,t). 

I A— m 



f n(A/(l m )) 


"Ai" 


= t n(A)-(") 


"Ai" 






TO 


t 


m 


t- 1 



By (H21), 



so that for q — we obtain [8j Theorem 7] 

E vs A/M (<) S k M/l/ (i) =E< n(A)_(?) /^(*) 

I A— m 



Acknowledgements. I thank Matjaz Konvalinka and Aaron Lauve for helpful 
discussions. 
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